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ABSTRACT: To identify primitive paths, which are centerlines of confining tubes, two leading methods,
namely total quadratic energy minimization and length minimization, are explored and compared in
molecular dynamics (MD) simulations of linear pearl-necklace polymer chains. Energy minimization leads
to a slightly larger averaged length but much narrower contour length distribution around the average
length than does length minimization. Applications of both methods to melts of linear polymers in MD
simulations confirm a quadratic entropic potential governing the primitive path length distribution.
However, length minimization leads to a prefactor of around 1.5, in agreement with the classical result
of Doi and Edwards, while energy minimization gives a prefactor of around 3.0.

I. Introduction

Identification of primitive paths in a well-equilibrated
polymer melt is one of the major challenges in linking
the widely used tube theory to molecular reality in
entangled polymeric systems. While the “tube” repre-
sents a volume of space that can be explored by a chain
without violating the topological constraints, the “primi-
tive path”, according to Edwards, is the shortest path
the chain could take without violating these constraints.
To extract the primitive path of a polymer chain in an
entangled system, one could hypothetically fix one end
of the polymer and “reel in” the polymer from the other
end.1 Rubinstein and Helfand2 suggested that the least
arbitrary way of identifying primitive paths is to reel
in simultaneously and continuously all chains until no
further loops can be removed. This procedure corre-
sponds roughly to a total length minimization or,
equivalently, a minimization of total “energy” with
energy taken to be proportional to the total path length
of all chains. Alternatively, primitive paths have been
identified through minimization of the sum of energies
over all springs that connect neighboring beads along
the chain, where the spring energies are quadratic in
the spring length for small spring extensions.3,4 How-
ever, minimizing the quadratic spring energy could lead
to a very different entanglement network than is
obtained by minimizing the total length of all primitive
paths.

In this paper, we explore the difference between
identification of primitive paths by minimizing the total
length vs minimizing total energy in large systems of
entangled linear polymers. In the next section we briefly
review the MD simulation method for pearl-necklace
chains. Primitive path identification is explored in
section III. We discuss and summarize the results in
section IV and V.

II. Molecular Dynamics Simulation of the
Pearl-Necklace Bead-Spring Model

In this work, polymers are represented by beads
connected by short springs in a manner identical to that
of Auhl et al.5 The spring represents somewhat less than
one Kuhn step of the polymer, depending on the bending

potential used. Excluded-volume interactions are in-
cluded through the repulsive Lennard-Jones potential:

where the cutoff distance rc ) 21/6σ is chosen so that
only the repulsive part of the Lennard-Jones potential
is used. The energy scale is set by ε ) kBT and the
length scale by σ, both of which are set to unity in our
simulations. The constant term in the potential is added
so that there is no discontinuity in total energy at the
cutoff distance.

A finitely extensible nonlinear elastic (FENE) poten-
tial is used here to model the spring:

The spring is made short and stiff enough so that there
is not enough room between connected beads for another
bead to pass between them. Thus, chain crossing is
disallowed. We take the spring constant to be k )
30ε/σ2 and the maximum length of the spring to be
R0 ) 1.5σ.

The MD method integrates an equation of motion,
namely

where ri is the position vector for bead i, and the
potential U is comprised of the pairwise Lennard-Jones
potential and the FENE potential.

The last two terms in eq 1 are not common in MD
simulations developed for atomistic simulations. They
are respectively an energy dissipation term due to
friction of the bead with a hypothetic solvent and a
thermal energy input term from the random thermal
forces generated by that solvent. Γ is the friction
coefficient of the bead with the solvent and is arbitrarily
set to 0.5m/τ, where m is the mass unit and τ ) σ(m/
ε)1/2 is the time unit. Wi is a Gaussian white noise, which
is related to the friction coefficient by 〈Wi(t)‚Wj(t′)〉 )

ULJ(r) ) {4ε{(σ/r)12 - (σ/r)6 + 1
4} r e rc

0 r g rc

UFENE(r) ) {-0.5kR0
2 ln(1 - (r/R0)

2) r e R0

∞ r g R0

r1 i ) -∇U - Γr3 i + Wi(t) (1)
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δijδ(t - t′)6kBTΓ. The fictitious solvent effects on the
polymer dynamics are thus modeled by connecting the
system to a solvent and friction heat bath, and the
solvent molecules are not explicitly simulated. This
method provides a convenient thermostat to regulate
temperature and is appropriate for our bead-spring
model, in which atomistic motions have been coarse-
grained away.

We perform constant NVT simulations in a cubic
simulation cell with periodic boundaries for monodis-
perse linear polymers with a monomer number density
F ) 0.85σ-3. The average monomer length is 〈b2〉1/2 )
0.97σ, which is the point at which a net zero force is
produced by the sum of the Lennard-Jones repulsive
potential and the FENE attractive potential between
neighboring beads along the chain. Equation 1 is
integrated using a velocity-Verlet method with a time
step size ∆t ) 0.012τ. Two systems are studied here:
1504 × 350 and 6016 × 350, where M × N represents
a system with M chains, each chain containing N beads.
Equilibrations of these systems are achieved following
the slow push-off method by Auhl et al.5 with improved
initial configurations. A small system, 500 × 100, is first
equilibrated through long MD simulations. Next, we
pull out all the chains in the simulation box and cut
them into halves to construct a database of “building
blocks” for long chains. We then generate the initial
configurations by randomly joining these building blocks
into long chains with 350 beads.

III. Primitive Path Identification
As described by Doi and Edwards,6 a polymer chain

in a tube is subject to end-stretching tension because
more freedom is available outside the tube than inside.
On the other hand, a polymer chain tends to retract in
the tube when stretched due to the entropic spring. As
a result, polymer chains have a length distribution
around a nonzero equilibration tube length Leq. This
distribution is essential to understanding the relaxation
spectrum of polymer molecules with branched architec-
tures. The distribution is usually written in the form of
a potential

where P(L) is the probability density function of the
distribution of primitive path lengths and U is the
potential governing fluctuations in primitive path length.
In a straight rectangular confining tube,6 a polymer
chain with a quadratic spring potential and fixed end
tension equal to 3kBT/a where a is the tube diameter
yields the frequently used quadratic potential governing
fluctuations in the length of the primitive path: U(L)
) νkBTZ(L/Leq - 1)2, where ν ) 1.5, Leq is the equili-
brated or averaged primitive path length, and Z is the
number of entanglements. However, theoretical predic-
tions and simulations on simple lattices2 have produced
different potentials and very different prefactors, ν. A
recent lattice simulation using the bond fluctuation
model7 by Shanbhag and Larson,8 however, verified the
quadratic form and the ν ) 1.5 prefactor. Nevertheless,
what is still lacking is a determination of the fluctuation
potential using a real-space simulation.

The fast and accurate equilibration method by Auhl
et al.5 enabled the identification of the primitive paths
in small systems by Everaers et al.3 In this method, one

fixes the ends of all polymer chains in an equilibrated
polymer melt and disables the excluded-volume interac-
tions between neighboring beads along each chain while
retaining repulsion between beads on different chains
and dropping the temperature slowly to zero. Without
local excluded-volume interactions along the chain, the
polymer chain shrinks in length in this cooling proce-
dure but cannot pass through neighboring chains and
so tends toward the shortest path that does not violate
topological interactions with other chains. Primitive
paths are then obtained by minimizing the total energy
of the system, which mainly consists of the quadratic
spring energy along the chain. Because the interchain
excluded volume is maintained to prevent chain cross-
ing, this procedure leads to primitive paths with finite
thickness. This is not a serious problem because the
thickness of the primitive path is just the bead diameter,
which is small compared to the effective random walk
step length of the tube. However, this method of
primitive path identification assigns a quadratic energy
to the primitive paths, which does not have a clear
physical justification. A primitive path, unlike an en-
tropic spring of the polymer chain, has no entropic
energy along its contour; rather, it is an instantaneous
contour of the topological constraints enforced by sur-
rounding chains. So any tension along the primitive
path is not physically motivated but has a dramatic
influence on the distributions of primitive paths. How-
ever, we do need some chain tension to shrink the chain
length in the cooling procedure toward a well-defined
“minimal” path. An alternative chain tension that we
can introduce during the cooling procedure might be to
use a small constant force for all the chains regardless
of their lengths. A cooling procedure with constant
spring force corresponds to a minimization of the total
length of all primitive paths.

To implement the length minimization method for
finding primitive paths, one can assign a constant spring
force to all polymer chains, but otherwise use the cooling
procedure of Everaers et al.3 However, a finitely exten-
sible nonlinear elastic (FENE) spring with a force that
becomes singular at finite extension is essential to
preserve the topology of the system and prevent beads
of one chain from fitting between neighboring beads of
a second chain. Therefore, we use a truncated FENE
spring potential during the cooling process as follows:

where rtr is the location of the truncation. According to
this potential, the spring force is constant for distances
r < rtr and reverts to a FENE spring force for r g rtr.
With this spring law, we can smoothly switch from
energy minimization to length minimization by increas-
ing rtr from zero. Table 1 shows the results of simula-
tions with 1504 chains, each of which has 350 beads.
These chains are long enough to be in the well-entangled

Table 1. Numbers of Entanglements, Standard
Deviations, and Primitive Path Distribution Exponents

Obtained Using the Potential in Eq 3 with Various
Truncation Distances (M × N ) 1504 × 350)

rtr ) 0.0σ rtr ) 0.1σ rtr ) 0.2σ rtr ) 0.3σ rtr ) 0.4σ

Z 5.14 ( 0.06 5.13 ( 0.07 5.05 ( 0.08 5.01 ( 0.09 5.01 ( 0.09
σj 0.84 0.92 1.19 1.26 1.26
ν 3.06 ( 0.18 3.11 ( 0.12 1.94 ( 0.12 1.60 ( 0.14 1.53 ( 0.10

UtrFENE(r) ) {(r - rtr)U′FENE(rtr) + UFENE(rtr) r < rtr

UFENE(r) r g rtr

(3)

P(L) = exp[-
U(L)
kBT ] (2)
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region.9-13 As the constant force region in the truncated
FENE spring is enlarged beyond rtr ) 0.2σ, the distri-
bution of primitive path lengths broadens, as shown by
the increase in the standard deviation, σj. As rtr in-
creases, the average number of entanglements does not
change very much, but there is a decrease in the value
of ν, the coefficient of the apparent primitive path
quadratic potential U(L). The coefficient ν is obtained
by fitting the logarithm of the distribution of primitive
path lengths ln(P(L)) to a quadratic function νZ(L/Leq
- 1)2. The value of ν obtained in this way decreases from
around 3 to around 1.5 as rtr increases from 0.0σ to 0.4σ.
We also performed simulations of systems with 6016
chains to obtain better statistics. As shown in Figure
1, energy minimization (rtr ) 0) gives Z ) 5.04 ( 0.01
and a quadratic potential with prefactor ν ) 2.92 ( 0.10,
while length minimization (rtr ) 0.4σ) yields a slightly
smaller value, Z ) 4.91 ( 0.02, and a quadratic
potential with prefactor 1.57 ( 0.10.

These differences between length and energy mini-
mization can be captured even in a simple two-chain
system, shown in Figure 2. In this simple problem, we
take the two chains to be orthogonal, before entangling,
with one chain of unit length and the other chain of
length l, l g 1. The entanglement point (x, y, z) is then
determined by requiring that the chains meet at the
entanglement point while either minimizing the total

length of the two chains, subject to holding the chain
ends fixed at their original positions, which corresponds
to a constant tension for each chain, or by minimizing
the total energy of the two chains, assuming an energy
quadratic in the length of each chain, which corresponds
to a chain tension that is linear in the chain length. The
coordinates of the two ends of the short chain are fixed
at (0, 0, 0) and (1, 0, 0), respectively. The coordinates of
the ends of the long chain are (a, b, c) and (a, b, c - l),
where a, b, and c are assumed to be uniformly distrib-
uted random variables on (0, 1), (0, 1), and (0, l),
respectively. Contour length distributions are thus
obtained by simple samplings, which are performed
numerically. Except for l ) 1.0, the quadratic energy
minimization and length minimization procedures pre-
dict almost the same average lengths, with a slightly
larger (<2% larger) averaged lengths from energy
minimization, shown in Table 2. However, except for l
) 1.0, the chain contour length distributions, shown by
the standard deviations, are quite sensitive to the
different minimization procedures, with up to 15%
difference between the two. Energy minimization gives
a much narrower distribution around the averaged
contour length than does length minimization for all
length ratios studied here, especially for moderate
ratios, l ) 2, 5. Figure 3 shows the contour length
distributions of the two chains obtained by minimizing
the total quadratic energy and by minimizing the total
length at length ratio l ) 2. The two peaks correspond
to distributions for the short and the long chain. In the
energy-minimizing procedure, short chains are stretched
more toward the average length of the two chains while
long chains shrink their sizes toward the average
length; as a result, minimizing energy will give a
narrower distribution of contour lengths. A quadratic
potential in the chain makes a large length ratio
between two entangled chains more unfavorable than
does a linear potential, which corresponds to length
minimization. As a result, we expect a broader distribu-
tion resulting from length minimization than from a
quadratic energy minimization.

IV. Discussion

We have found that while the average primitive path
length per molecule is not sensitive to the method used
to identify primitive paths, the distribution of primitive
paths is very sensitive to a change from quadratic
energy minimization to total length minimization. While
both procedures give us a quadratic form for the
potential describing the primitive path distribution,
energy minimization gives us a much steeper potential
(i.e., narrower distribution of primitive paths) than does
length minimization. While this difference does not
much affect our understand of reptation, which is
dominated by the average length of the primitive paths,
it is extremely important for the process of primitive
path fluctuations, which dominate the relaxation of
branched polymers, such as stars, and is also important
in the high-frequency relaxation of linear polymers.6

Thus, we would like to be able to determine the “true”
distribution of primitive path lengths. This question,
and the ambiguity in answering it, arise because the
tube model, as currently interpreted, forces us to divide
polymer relaxation into two basic contributions, namely
(1) that arising from movement of a “test” chain in a
“fixed matrix” of constraints imposed by the surrounding
chains and (2) that arising from motion of the matrix

Figure 1. Potentials of primitive path distributions in a
system of 6016 chains, each of which has 350 beads. Potentials
are obtained through energy minimization, rtr ) 0.0σ, and
length minimization, rtr ) 0.4σ. Here U(L)/kBT ) ln(P(L)),
where P(L) is the distribution of primitive path lengths.

Figure 2. Two orthogonal chains with a single entanglement
point.
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chains. The first of these processes can be analyzed
rigorously for simplified models, such as 2-D or 3-D
lattice models,2,14,15 in which, for example, a chain moves
on a “pegboard” of fixed obstacles in two dimensions.

If, however, we attempt to identify primitive paths
in real space, we encounter the difficulty that while we
can insist that the primitive paths we choose satisfy the
same topological constraints as the real chains, we can
always shorten one “primitive path” by elongating
another, and so a method must arbitrarily be chosen to
adjudicate the competition between minimizing the
lengths of two interlocking primitive paths. We have
shown that different choices of how to adjudicate this
competition give dramatically different distributions of
primitive paths.

In a real melt, the configurations of a single chain
and of the network of entanglement constraints around
that chain are both dynamic and experience continual
fluctuations, at many frequencies. Identification of a
fixed set of primitive paths requires suppression of the
matrix fluctuations, so that the structure of the real
melt is reduced to a form that can be mapped onto the
tube model. At root, what makes this step necessary is
our need to separate constraint release, which results
from the mobility of the matrix and from primitive path
fluctuations that occur in a fixed matrix of surrounding
topological obstacles.

Given the need artificially to suppress matrix fluctua-
tions to allow separation of motion of the test chain from
constraint release produced by the matrix mobility,
what is the “best” choice of primitive path? Pragmati-

cally, the “best choice” would presumably be one that
allows the tube model to be the most accurate in
capturing the relaxation behavior of the real melt. Since
the specification of primitive paths artificially sup-
presses the fluctuations or “breathing” of the matrix
structure, it would seem that a choice of primitive paths
that allows a broader distribution of their lengths is
preferred, since when this is interpreted as a potential,
a single chain will then be allowed to explore a broader
distribution of primitive path lengths more easily, even
within a fixed set of topological restrictions, and this
might better capture what happens in real melts, where
the mesh of constraints can fluctuate even while pre-
serving topological constraints. This consideration would
seem to favor the choice of a minimum total length
rather than a minimum quadratic potential. This rea-
soning is admittedly vague. A more convincing argu-
ment might require computing the detailed fluctuations
of chains in a melt in which all chain ends are held fixed.
A putative method of computing primitive path distri-
butions could then be tested by comparing actual
transition rates of chains from one primitive path length
to another to that predicted by using the potential
derived from the primitive path distribution.

V. Summary
We analyzed the contour length distributions of the

primitive paths in large systems of entangled chains.
Two methods for identification of primitive paths,
namely minimizing the total energy and minimizing the
total length, were studied. These two methods give

Figure 3. Contour length distributions obtained by minimizing the total quadratic energy and the total length of the two-chain
system at length ratio l ) 2.

Table 2. Average Lengths and Standard Deviations of Length per Chain from Simple Sampling of the Two-Chain
System, Depicted in Figure 2, through Length Minimization and Quadratic Energy Minimization

l ) 1 l ) 2 l ) 5 l ) 10

length minimization 1.1731 ( 0.0016 1.6337 ( 0.0061 3.0834 ( 0.0229 5.5534 ( 0.0507
std dev 0.1404 0.5493 2.0466 4.5362
energy minimization 1.1731 ( 0.0016 1.6448 ( 0.0052 3.1295 ( 0.0214 5.6248 ( 0.0491
std dev 0.1399 0.4663 1.9114 4.3951
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almost the same average primitive path length per
polymer but very different distributions of primitive
path lengths. An application of length minimization in
primitive path identification yields a quadratic potential
for the primitive path distribution with a prefactor ν
around 1.5, which is exactly the form proposed by Doi
and Edwards6 and commonly used in modern tube
theories to describe relaxation in branched polymers,
such as star polymers. Energy minimization also yields
a quadratic potential but a quite larger prefactor, ν )
3.0.
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